Let a(n) defined by
Introduction
Arithmetic functions defined by infinite products have many beautiful congruence properties. A typical example is Euler's partition function p(n), which is given by
In this note, Let a(n) defined by ∞ n=1 a(n)q n := ∞ n=1 1 (1 − q 3n )(1 − q n ) 3 .
we prove that Theorem 1.1. for every nonnegative integer n, a(15n + 6) ≡ 0 (mod 5), a(15n + 12) ≡ 0 (mod 5).
As a corollary of our results, we obtain the following result which is due to Ono [9] , Theorem 1.2.
Where cφ 3 (n) is the number of three-colored Frobenius partitions of n.
Preliminary Facts
This section contains the basic definitions and some properties of modular forms that we will use later. For more details see Koblitz [6] .
denote the vector space of holomorphic modular forms on Γ 0 (N ) of weight k.
Before starting the proof, we need some lemmas. The Dedekind Eta-function is defined by the infinite product
where q = e 2πiz and Im(z) > 0. A function f (z) is called an Eta-product if it can be written in the form of
where N and δ are positive integers and r δ ∈ Z.
is an Eta-product satisfying the following conditions: 
In order to state the last lemma, we need Definition Let l be a positive integer and f = n≥N a(n)q n a formal power series in the variable q with rational integer coefficients. The l-adic order of f is defined by
Sturm proved the following criterion for determining whether two modular forms are congruent for primes , One [10] noted the criterion holds for general integers as modulus.
Lemma 2.4 ( [14]). Let l be a positive integer and f
where the product is over the prime divisors p of N . Then f (z) ≡ g(z) (mod l), i.e., ord l (f (z) − g(z)) = ∞.
Proof of Theorem 1.1
We construct modular forms to prove our theorem.
Proof of Theorem 1.1. Define the Eta-product
It easily can be seen that our Theorem 1.1 is equivalent to the two congruences: for every nonnegative integer n, r(15n + 3) ≡ 0 (mod 5) and r(15n + 12) ≡ 0 (mod 5).
Setting N = 45, by Lemma 2.1 and 2.2 it is easy to check that f (z) ∈ M 6 (Γ 0 (45)). In order to prove the equivalent congruences above, We use Lemma 2.3and 2. 4 To be more precise, define a modular form f 3,15 (z) := n≡3 (mod 15),n≥21 r(n)q n By Lemma 2.3 we find that f 3,15 (z) ∈ M 6 (Γ 1 (3375)). By Lemma 2.4, r(15n + 3) ≡ 0 (mod 5) for every nonnegative integer n can be proved if it holds for the first 12150001 terms which is verified by machinery calculation. The another congruence is proved similarly.
Proof of theorem 1.2
Recall that the three-colored partition function cφ 3 (n) has generating function
Where p(n) is the ordinary partition function with the convention that p(n) = 0, if n / ∈ Z. We will use modified Jacobi formula ) are congruent to 45n + 6, 9, 12, 21, 24, 27, 36, 39, 42. The cases of 45n + 9, 24, 39 correspond to 1 + (9k 2 + 9k)/2 ≡ 0 (mod 45), which is equivalent to k ≡ 2 (mod 5), we find that in this case the factors 2k + 1 ≡ 0 (mod 5), Moreover 45n + 6, 12, 21, 27, 36, 42 are always the form of 15n + 6 or 15n + 12. So by Theorem 1.1, Theorem 1.2 is proved.
